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Talk Abstract
We are investigating numerical methods to retrieve in-

formation about an acoustic scatterer’s refraction index
from far field measurements. Problems of this kind are
commonly non linear and ill-posed.

We begin by developing a sampling method to charac-
terize the shape of defects of a given index.

Then we propose a new regularized Gauss-Newton
method to reconstruct the values of an unknown refrac-
tion index. The regularization will be calculated from our
defects’ shape characterization method.

Finally, on the same basis we define an adaptive refine-
ment strategy for the reconstruction method to decrease
computation cost and increase accuracy. Our results are
illustrated by numerical experiments.

Introduction
In inverse acoustic scattering, one tries to recover in-

formation about a scatterer from measurements. Penetra-
ble scatterers are frequently referred to as inhomogeneous
media and characterized by a refraction index.

A natural inverse problem is then to numerically re-
trieve the values of a refraction index from measure-
ments. This generally leads to iterative methods involving
numerous heavy computations [1]. Concurrently, other
methods, like the Factorization Method [2], have been
created to reconstruct the scatterer’s shape. They achieve
faster and less expensive results by focusing on a specific
characteristic of the scatterer.

In a first part, we develop a new fast method to charac-
terize the shape of defects from far field measurements in
a given background refraction index. Then, based on this
fast shape characterization, we investigate a new index
reconstruction method having in mind the convergence
of the iterative process. Finally we propose an adaptive
refinement strategy with the aim of restraining computa-
tional costs and gaining in accuracy.

General setting and modelization
Let us consider the Helmholtz equation for the total

field un with an incident field ui and an index of refrac-
tion n(x) :
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Figure 1: Principal configuration


(
∆ + k2n(x)

)
un(x) = 0, x ∈ Rd,

∂r(un − ui) = ik(un − ui) + o
(
|x|−

d−1
2

)
,

(1)

where the dimension is d = 2 or 3. For a given plane
wave source ui(θ, x) = eikθ·x with incident direction θ ∈
Γe, we denote by un(θ, x) the corresponding total field,
solution to (1), and by u∞n (θ, x̂) the associated far field in
direction x̂ ∈ Γm given by the usual Atkinson expansion:

un(θ, x) = eikθ·x + γd
eik|x|

|x|
d−1
2

u∞n (θ, x̂) + o
(
|x|−

d−1
2

)
,

where γd is a dimension dependent constant. Thus, Γe
and Γm denote respectively the set of emission and mea-
surement directions in the unit sphere Sd−1 (see Fig.1).
We can then define the (index-dependent) far field opera-
tor Fn from L2(Γe) into L2(Γm) by

Fng(x̂) :=
∫

Γe

u∞n (θ, x̂)g(θ)dθ.

At last, we assume that n(x) = 1 outside some ball and
note D = support(n− 1).

1 A fast inclusion domain reconstruction method
We are looking for a defect Ω inside a scatterer D

whose given index is n0(x). Let n1 be the modified re-
fraction index due to the defect’s presence as illustrated
on Fig.2. Hence, Ω is the support of x 7→ (n1 − n0) (x).
We characterize Ω from far field measurements by the fol-
lowing theorem:
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Figure 2: Outline of considered geometries

Theorem 1.1. Assume Γe = Γm = Sd−1 and n0, n1 ∈
R+. With {σi, ψi, φi}i=1...∞ a singular system for
(Fn1 − Fn0), let

w{n1,n0}(z) :=

 ∞∑
i=1

∣∣∣〈un0(·, z), ψi〉L2(Sd−1)

∣∣∣2
σi


−1

.

Then ∀z ∈ Rd,

z ∈ Ω ⇐⇒ w{n1,n0}(z) > 0.

As a consequence, we define a sampling method to re-
construct Ω taking the form of a binary test: after having
computed u∞n0

(θi, x̂i) and the test functions un0(θi, z) on
a discretization of Sd−1, Ω is then reconstructed as the
points where the value of w{n1,n0} is far enough from 0.

1.1 Numerical experiments
Fig.3 shows the values of w{n1,n0} in R2 for a non-

constant background index n0 ∈ [2.17, 2.27] and a
modified index n1 ∈ [1.50, 1.55] in the two non-
convex connected components of Ω represented in Fig.2
(n1 = n0 elsewhere). Data were generated for 21 in-
cidence/measurement directions with 2% of additional
noise.

−1.5 −1 −0.5 0 0.5 1

−1

−0.5

0

0.5

1

 

 

5

10

15

20

25

−1.5 −1 −0.5 0 0.5 1

−1

−0.5

0

0.5

1

 

 

−40

−30

−20

−10

0

10

20

30

40

50

60

Figure 3: Localization of inclusions in linear and dB
scales for real indexes and full aperture data.

Leaving out the lowest level curves shows a fine recon-
struction of Ω.

Besides, Fig.4 presents an example with n0 ∈
[2.17, 2.27] + i[0.02, 0.10], n1 ∈ [1.50, 1.55] +

i[0.35, 0.40], 35 incident directions over [0;π] (+ sym-
bol), 21 observation directions over [7

6π; 11
6 π] (o symbol)

and 2% additional noise.
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Figure 4: Localization of inclusions in linear and dB
scales for complex indexes and limited aperture data.

We obtain satisfactory results with complex valued in-
dexes and unrelated measurement and incidence limited
aperture directions. Obviously, “quality” of reconstruc-
tion depends on quantity of data and aperture size.

Regarding computational costs, almost all the effort
comes from computing the test functions un0(θ, z). In
comparison, the range test is very fast. The total time is
thus comparable to one resolution of problem (1) for each
incident direction used in Γe.

1.2 Sketch of proof
First, the domain Ω is characterized by a set of test

functions and the range of an ideal operator. Then, the
ranges of this ideal operator and the measure operator are
matched. Finally, Picard’s criterion is used to link the
measure operator’s range to the test functions for which
we have shown that they characterize Ω in the first part.

1.2.1 Domain characterization
Let Φ∞n0

(z, x̂) be the far field of Φn0(z, x̂), Green’s
function for the background index solution to

(
∆x + k2n(x)

)
Φn0(z, x) = −δz(x),

∂rΦn0(z, x) = ikΦn0(z, x) + o
(
|x|−

d−1
2

)
.

So, defining the operator B from L2(Ω) to L2(Γm) by

Bv(x̂) :=
∫

Ω
v(y) Φ∞n0

(y, x̂)dy,

we have ∀z ∈ Rd,

z ∈ Ω ⇐⇒ Φ∞n0
(z, ·) ∈ R (B) . (2)

Indeed, let z ∈ Ω and denote by fz a smooth cut-off
around z of Φn0(z, ·). Then the function vz := (∆ +



k2n0)fz satisfiesBvz = Φ∞n0
(z, ·). The reciprocal is done

by using Rellich’s lemma and a regularity argument.
Moreover, with un0(θ, z) the total field for (1) with n =

n0 and a plane wave source of incoming direction θ, it
is known that un0(−x̂, z) = Φ∞n0

(z, x̂). The following
result is then a straightforward transpose of (2):

Proposition 1.2. Let C be the operator from L2(Ω) to
L2(Γe) defined by

Cv(θ) := 〈v, un0(θ, ·)〉L2(Ω).

Then ∀z ∈ Rd,

z ∈ Ω ⇐⇒ un0(·, z) ∈ R (C) .

1.2.2 Range characterization
Now we have to link C to the far field operator in order

to achieve a feasible test. We follow the principle of the
Factorization Method and exhibit the operator C in the
difference between the measurements and the computed
far field operator for the given background n0 :

Lemma 1.3. There exists an automorphism A of L2(Ω)
such that

Fn1 − Fn0 = BAC?. (3)

This is done by writing the equation satisfied by
(un1 − un0) (θ, ·) and using the identity u(−θ, z) =
Φ∞n0

(z, θ).
Following [3], B and C can be linked together by the

following relation:

B = Sn0C.

where Sn0 is the classical scattering operator for the back-
ground index. Thus we have Fn1 − Fn0 = Sn0CAC

?.
Under assumptions of theorem 1.1, it is known that Sn0

is a unitary operator. Moreover, if k is not a transmission
eigenvalue, the operator A in (3) happens to be coercive.

At this point, the ranges of C and
∣∣S?n0

(Fn1 − Fn0)
∣∣ 12 ,

which reduces to |(Fn1 − Fn0)|
1
2 by the unitarity of Sn0 ,

coincide [2].

2 A new method for index retrieval
Consider now the problem of reconstructing the values

of an unknown refraction index n(x). Provided some data
u∞(θ, x̂), with (θ, x̂) ∈ (Γe × Γm) as in Fig.1, we look
for n(x) ∈ L∞(D) by minimizing the following least
squares problem:

J0(n) := ‖F(n)− u∞‖2L2(Γe×Γm) ,

where F : n 7→ u∞n |Γe×Γm .
Following [1], we investigate a Gauss-Newton method

with a Tikhonov regularization. It consists in looking for
a minimizer of J0 by iteratively minimizing J̃α:

J̃α(δn) :=
∥∥F ′(np).δn− (u∞ −F(np))

∥∥2

L2(Γe×Γm)

+ α ‖δnp‖2X (np fixed),

where ‖·‖X is a norm and α a regularization parameter. It
is then known that if n0 is close enough to n, the sequence

np+1 = np + δn†p,

with δn†p minimizing J̃α, goes to a minimizer of J0.

2.1 An adaptive regularization norm
The sequence’s convergence is influenced by the choice

of α‖ · ‖X and much work has been devoted to estab-
lish a suitable choice for α [4]. This is generally time-
consuming. Furthermore, by its iterative nature, the
Gauss-Newton-Tikhonov algorithm is time-consuming
by itself. Hence, we seek to enhance convergence by
adapting the regularization norm at each iteration . More-
over, this adaptation should be done with a very small
increase in computational costs to evaluate δn†p.

Since the function w{np,n} defined in theorem 1.1 fo-
cuses on the areas where np differs from n, the goal is to
use this local indication about the mismatching between
np and n to guide the Gauss-Newton-Tikhonov process.
Thus, we build a step dependent L2(D) weighted regular-
ization norm ‖ · ‖X with the weight function w{np,n}(z):

‖f‖X :=
∫
D
|f(z)|2w{np,n}(z)dz.

In this case, the minimizer δn†p is characterized by the
normal equation:(
F ′(np)?F ′(np) + αw{np,n}

)
δn†p =

F ′(np) (u∞ −F(np)) . (4)

Computing δn†p requires F ′(np) and we have
F ′(np)δnp(θ, x̂) = h∞(θ, x̂) where h∞ is the far field
of h satisfying

(
∆ + k2np

)
h(θ, ·) = −k2δnpunp(θ, ·).

What we see here, is that the computation of (4) requires
the values unp(θ, z) which happen to be the test functions
used to evaluate w{np,n}(z). Hence, the computational
costs due to our regularization term are very small.

Fig.5 shows an example where n(x) ∈ [2.04, 2.27] +
i[0, 0.4] was searched as a piece-wise constant function
over a subdivision of D into 42 areas. Our numerical re-
sults, comparable to those achieved with a BV norm like
in [1], are encouraging.



−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1 1.2

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

 

 

2.05

2.1

2.15

2.2

2.25

2.3

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1 1.2

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

 

 

2.05

2.1

2.15

2.2

2.25

2.3

Figure 5: Maps of the real values of n(x) (left) and
n13(x) (right).

2.2 An adaptive refinement strategy
Finally, as local information on the scatterer is pro-

vided by the function w{np,n}, we investigate an adap-
tive refinement process for the reconstruction. The goal is
to reach more precise reconstructions without increasing
computational costs. Since we look for n as a piecewise
constant, the idea is to gradually increase the number of
those constants. First, we look for n as a single constant
over the whole scatterer with few iterations of the Gauss-
Newton-Tikhonov method. Then, we iteratively subdi-
vide the scatterer. The choice of which area has to be
subdivided will be based on the values of w{np,n}. The
adaptive process then follows these steps:

1. Look for n as single constant over D with an initial
guess set to n0 = 2.

2. Divide D arbitrarily into four areas and look for n
as a piecewise constant over each part using the pre-
viously computed value as an entry point.

3. Guess which of the computed constants is the worst
by choosing the area where the mean value of
w{np,n} is the highest.

4. Divide the chosen area into four subparts and look
for n as a piecewise constant over this new set of
areas with the previously computed approximation
of n as an entry point.

5. Loop steps 3 and 4.

Fig. 6 shows the real parts of the approximations of n(x)
after each subdivision for six consecutive refinements.

Conclusion and perspectives
We have developed a method to reconstruct the shape

of defects in a given non absorbing background from full
aperture far-field measurements. Furthermore, numerical
experiments have validated this method in a wider frame
of applications. This defects’ identification has been used
to build a new iterative method to reconstruct a refrac-
tion index’s values by guiding the update term. Moreover,
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Figure 6: Results of the Gauss-Newton-Tikhonov
process with successive refinements

we also defined for this reconstruction an adaptive refine-
ment strategy as a way to increase accuracy and decrease
computational costs. Further investigations are performed
to extend the new Factorization method to both complex
valued indexes and unrelated incidence and measurement
limited aperture directions.
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